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In this note, we show some new inequalities of the Huygens type for circular functions,
hyperbolic functions, and the reciprocals of circular and hyperbolic functions by using a
monotone form of l’Hospital’s rule.
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1. Introduction
Huygens [1] (or see [2,3]) established the inequality
2
sin x
x
+ tan x
x
> 3, x ∈
(
0,
pi
2
)
. (1)
In this note, we first obtain the further result concerning the Huygens inequality described as Theorem 1.
Theorem 1.
(1− p) sin x
x
+ p tan x
x
> 1 > (1− q) sin x
x
+ q tan x
x
(2)
holds for all x ∈ (0, pi/2) if and only if p ≥ 1/3 and q ≤ 0.
Then we establish three inequalities of the Huygens type involving hyperbolic functions, the reciprocals of circular
functions, and the reciprocals of hyperbolic functions in the form of inequalities (2), and obtain the following results.
Theorem 2.
(1− p) sinh x
x
+ p tanh x
x
> 1 > (1− q) sinh x
x
+ q tanh x
x
(3)
holds for all x ∈ (0,+∞) if and only if p ≤ 1/3 and q ≥ 1.
Theorem 3.
(1− p) x
sin x
+ p x
tan x
> 1 > (1− q) x
sin x
+ q x
tan x
(4)
holds for all x ∈ (0, pi/2) if and only if p ≤ 1/3 and q ≥ 1− 2/pi .
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Theorem 4.
(1− p) x
sinh x
+ p x
tanh x
> 1 > (1− q) x
sinh x
+ q x
tanh x
(5)
holds for all x ∈ (0,+∞) if and only if p ≥ 1/3 and q ≤ 0.
Last we present some concise proofs of the double inequalities (2)–(5) by using L’Hospital rules for monotonicity.
2. One lemma: L’Hospital rules for monotonicity
Lemma 1 ([4–15]). Let f , g : [a, b] → R be two continuous functions which are differentiable on (a, b). Further, let us have
g ′ 6= 0 on (a, b). If f ′/g ′ is increasing (or decreasing) on (a, b), then the functions
f (x)− f (b)
g(x)− g(b)
and
f (x)− f (a)
g(x)− g(a)
are also increasing (or decreasing) on (a, b).
3. A concise proof of Theorem 1
Let F(x) = 1−sin x/xtan x/x−sin x/x = x−sin xtan x−sin x =: f1(x)g1(x) , where f1(x) = x− sin x, and g1(x) = tan x− sin x. Then
f ′1(x)
g ′1(x)
= 1− cos x
sec2 x− cos x =
cos2 x
1+ cos x+ cos2 x =
1
(1/ cos x)2 + (1/ cos x)+ 1 .
Since cos x is decreasing on (0, pi/2), we obtain that the function f
′
1(x)
g ′1(x)
is decreasing on (0, pi/2) too. Then F(x) = f1(x)−f1(0)g1(x)−g1(0)
is also decreasing on (0, pi/2) by Lemma 1.
In view of limx→0+ F(x) = 1/3, and limx→(pi/2)− F(x) = 0, the proof of Theorem 1 is complete. 
4. A concise proof of Theorem 2
Let F(x) = sinh x/x−1sinh x/x−tanh x/x = sinh x−xsinh x−tanh x =: f1(x)g1(x) , where f1(x) = sinh x− x, and g1(x) = sinh x− tanh x. Then
f ′1(x)
g ′1(x)
= cosh x− 1
cosh x− 1/ cosh2 x =
cosh2 x
1+ cosh x+ cosh2 x =
1
(1/ cosh x)2 + (1/ cosh x)+ 1 .
Since cosh x is increasing on (0,+∞), we obtain that the function f ′1(x)g ′1(x) is increasing on (0,+∞) too. Then F(x) =
f1(x)−f1(0)
g1(x)−g1(0)
is also decreasing on (0,+∞) by Lemma 1.
In view of limx→0+ F(x) = 1/3, and limx→+∞ F(x) = 1, the proof of Theorem 2 is complete. 
5. Concise proof of Theorems 3 and 4
Let F(x) = x/ sin x−1x/ sin x−x/ tan x = x−sin xx−x cos x =: f1(x)g1(x) , where f1(x) = x− sin x, and g1(x) = x− x cos x. Then
f ′1(x)
g ′1(x)
= 1− cos x
1− cos x+ x sin x =
1
1+ x sin x1−cos x
=: 1
1+ f2(x)g2(x)
,
where f2(x) = x sin x and g2(x) = 1− cos x. Since
f ′2(x)
g ′2(x)
= 1+ x
tan x
is decreasing on (0, pi/2), we obtain that the function f2(x)g2(x) =
f2(x)−f2(0)
g2(x)−g2(0) is decreasing on (0, pi/2) by Lemma 1, and
f ′1(x)
g ′1(x)
is
increasing on (0, pi/2). So F(x) = f1(x)−f1(0)g1(x)−g1(0) is also increasing on (0, pi/2) by Lemma 1.
In view of limx→0+ F(x) = 1/3, and limx→(pi/2)− F(x) = 1− 2/pi , the proof of Theorem 3 is complete.
In the same way, we can prove Theorem 4. 
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